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Multiaxial Elastic-Plastic Notch Tip Stresses
and Strains Induced by Non-Proportional

Cyclic Loading Histories ??!!



Smooth laboratory specimens used for the
determination of the material stress-strain curve

Stress and strain state in a specimen used for the determination of material properties
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The stress state at a point in a body
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A key feature of the deformation theory of plasticity (proportional loading) is its prediction
that a single curve relates the equivalent stress, eq, and the equivalent plastic strain, peq,
for all stress states.

, ( )p eq eqf
The function f( eq) depends on the material and it is the same as the uni-axial stress-strain
relationship determined from uni-axial tension tests, i.e.
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Uniaxial Ramberg-Osgood stress-strain curve

Plastic strain in the
uni-axial stress state

Equivalent plastic strain in
the multi-axial stress state
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The function f( ) can be determined experimentally from an uni-axial tension test (see examples);
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Strains vs. Stresses in Hencky’s Total Deformation Theory
of Plasticity
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Proportional Multiaxial Loading
Stress-Strain Equations of Total Deformation Plasticity
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Stresses in a prismatic notched body
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Neuber’s Rule The ESED Method
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The Neuber Rule in the Uniaxial stress State
(notch tip in plane stress state)

The strain-stress constitutive equations and the Neuber rule for a notch tip in
plane stress ( 11 33 = 0) state can be written as:
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The Neuber Rule for the notch tip in Plane Strain
The constitutive strain-stress equations and the Neuber rule for a notch tip in
plane strain ( 11= 0 and 33 = 0) state can be written as:

where: 22 22 22 33
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Input: Pseudo-Elastic Stress and Strain components at
the notch tip (proportional loading)

n - nominal stress induced by the axial load, n = P/A
n = 0.27 n-nominal shear stress induced by the torque

The notch tip hypothetical (elastic) stress components

11
e= 0;     22

e
n·KP;             33

e= 0.27 n·KP

12
e= 0; 23

e= 0.27· n·KT; 31
e= 0.27 n·KT

e e
k

e
2

3

0 0 0
0 0
0 0

e e e e
e e

e e e e
e e

2
222 33 22 33

2 23

2
222 33 22 33

3 23

2 2

2 2

Pseudo-Elastic Principal Stresses at the notch tip



e e
ij

e
22

33

0 0 0
0 0
0 0

e

e e
ij

e

11

22

33

0 0
0 0
0 0

N N
ij

N
22

33

0 0 0
0 0
0 0

N

N N
ij

N

11

22

33

0 0
0 0
0 0

Input: Pseudo-Elastic Stress and Strain components
(Principal Stresses)

Output: Actual Elastic-Plastic Stresses and Strains
(Principal Stresses)

Hooke’s law

Hencky’s Eqns



-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0 400 800

No
tc

h
Ti

p
St

ra
in

,

2
FE

M

2
N

2
E

3
N

3
FE

M
Nominal Stress, Sn= n

2+3 n
2 (MPa)



0

100

200

300

400

500

600

700

800

0 100 200 300 400 500 600 700 800

No
tc

h
Ti

p
St

re
ss

(M
Pa

)
FEM

FEM

Nominal Stress, Sn= n
2+3 n

2 (MPa)



Plastic deformation induced by non-proportional
loading paths

When the stress component ratios change during the loading process (i.e. if the
load path is non-proportional the resulting elastic-plastic strains at the load path
end are not the same - in spite of the fact that the final loads or corresponding
notch tip hypothetical “elastic” stress states are the same.
The three various load paths below will produce at the end three different
stress and strain states. In order to determine the final stress-strain state
at the notch tip the load path needs to be followed up incrementally as
applied!
Therefore the constitutive stress-strain relationships must be written in
terms of  increments because the current stress-strain increments depend
on the previous stress/load path.!
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Multiple Plasticity Surfaces of the Mroz-Garud Model
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In order to make the numerical analysis easier and more general the constitutive stress-strain curve
is approximated by a series of linear segments. It enables to model any stress-strain curve and not
only those approximated by the Ramberg-Osgood expression! Each segment is defined by its own
modulus ‘H’!

As soon as the linear piece with the current stress state is identified (based on the current value of
eq) the elastic-plastic strain increments can be determined from the incremental constitutive

equations.
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In order to account for the memory effect the plasticity surface associated with the
current state (and also current linear segment) is translated in the stress space
according to certain rules. The Mroz-Garud model requires such a translation of the
current plasticity surface , enforced by the application of stress increments ij, that
Points B1 and B2, having the same normal directional vector ‘n’, must meet when the
stress state reaches’  the end of the current linear piece of the stress-strain curve.



The essence of the plasticity model:
The multiaxial plasticity model is required for two main reasons:

a) To identify the current ‘plastic modulus ‘H’ for the determination of
the relation of plastic strain and associated stress increment, i.e.

/H.

b) To model the material memory effect, i.e. to select appropriate
modulus ‘H’ depending on the previous stress history.

c) The current modulus is ‘H’ defined by the active largest plasticity
surface.

d) When two plasticity surfaces touch each other (at the end of
previous linear piece of the stress-strain curve) the larger surface
defines the current plastic modulus ‘H’ and the current linear piece
of the stress-strain curve.
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Translation of Plasticity Surfaces of the Mroz-Garud Model
for under arbitrary Non-proportional Loading Path
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"Elastic" Stress History
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Notched Bodies:

The cyclic plasticity model and the
Neuber/ESED rule combined
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Incremental Neuber’s Rule Incremental ESED Method
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Notched Bodies:

Non-Proportional Monotonic
Loading Path

(Mutiaxial Neuber/ESED method vs. FEM)
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Material Curve ~SAE 1045
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Notched Bodies:

Non-Proportional Cyclic Loading Paths
(Mutiaxial Neuber/ESED method vs. Experiments)

Experimental data:
Courtesy of D. Socie and P. Kurath,

University of Illinois, USA
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Material - 1070 Steel
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Rectangular Stress Path
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Elastic-Plastic Stress-Strain paths at the notch tip



Shear vs. normal notch tip hypothetical-elastic
Input Stresses

Unequal-Frequency Stress Path
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Cyclic Plasticity, Notches??

Enough for now!!!


